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It is evident that W* is translationally invariant, [P,, W,] = 0. W? is a Lorentz
scalar, [J,,, W?], as you will explicitly show in homework. Here e*** is the
totally antisymmetric invariant tensor,

’

AT — (g = g ) (g — 5w Y (g = 5™ ) (g7 = 0 Ve

= AT, (1.167)

(because €***? vanishes if any two indices are the same), where €"123 = +1. In
the rest frame of a particle,

P=0 P'=FE=nm, (1.168)
and so
1 ...
wo — QEOZ‘WJU‘PI@ =0, (1.169a)
) 1 .. 1 .. ;
Wl = —§€ljkOJijm = m§6”ijk = sz, (1169b)

where the latter is the spin. Thus, the eigenvalues of W?2 are
W? =m?s(s+ 1). (1.170)

This means for a particle with nonzero rest mass, m? > 0, the irreducible
representations belong to the values s = 0,1/2,1,.... For a given s, the possible
value of J3 are s3 = —s,—s+1,—s+2,...,s — 1, 5. The massless limit has to
be taken carefully (see homework):

P-S

A is called the helicity, which is the spin projected along the direction of motion.
There are other representations of the Poincaré group, such as tachyons,
where m? < 0, but they seem not to be realized in nature.

1.7 Plane-wave Solutions of the Dirac Equation
If ¢ = e™*u,,, where pz = p'z, = p -x — Et, the Dirac equation becomes
(yp + m)u, = 0. (1.172)
For a particle at rest, p° = m, p = 0, this is
(1—~" =0, (1.173)

where v = up—g is the rest-frame spinor. This means that v is an eigenvector
of 40 with eigenvalue +1. Because

[23,7°] =0, (1.174)
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we can also take v to be an eigenvector of X3:
Y3V, = 0Vy, o ==%l. (1.175)
We can obtain u,, from the rest-frame spinor v, by a boost:
Upoe = €XP [d)e- %a} Vo

1 1
= <cosh§¢+a-esinh§¢) Vg, (1.176)

because (a - e)? = 1. Here, the direction of the boost is given by that of the
momentum,

P
e=—. (1.177)
p|
Because ) P
coshp = — = —, 1.178
CCUTE m (1.178)
we have
10} \/cosh(b +1 \/E +m
ho = = 1.179
cosh 5 5 Sy ( a)
O \/cosh(b—l \/E—m
h- = = 1.179b
S 2 om ( )
and therefore
[E+m a-p E—-m
Upe = + Vo
2m VE2 —m?2 2m
1
=——— (E4+m+a p,
2m(E + m) ( P)
1 0
= ————(m+v E—~-p)s
2m(E 4+ m) ( 7 7P
1
= ———(m — Yp)v,. 1.180
ST +m)( Vp) (1.180)
This evidently satisfies the Dirac equation (1.172):

(m +yp)ups o< (m A+ yp)(m — 4p)ve = (m* + p*)vs = 0, (1.181)
because (yp)? = —p?. We also note that since {v,}, ¢ = %1, span the two-
dimensional space for which v = 1, we must have the projection-operator
statement 1

5(1+~y0) = o (1.182)

o
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If we multiply both sides of this equation by v,
Vgr = ng(vlvg/), (1.183)

which implies that the rest-frame spinors are orthonormal,
VIV, = Gy (1.184)

A Lorentz-invariant way of writing these two results, which you will explicitly
prove in Homework, is

m—p
m = Z ’UJ;DUULO_’}/O, (1185&)

Y73
who YV tper = 5001%. (1.185b)

We also note that v’ is an eigenvector of 4° with eigenvalue —1:

’YO’U; = —U;, 23’02 = —U;, (1186)
because 4° and Y3 are imaginary. The corresponding projection operator state-
ment is 1

50 =) = vl (1.187)

g

These spinors correspond to negative-energy solutions,
1

uht, = (m+yp)v’, 1.188
» 2m(Eer)( p) ( )

which satisfies

(m —yp)upy, =0, (1.189)
implying a plane wave solution of the form
¥ =e P (1.190)

It is the appearance of these negative-energy solutions that destroys all hope of
a wavefunction interpretation of ¢. (An example is given by the Klein paradox,
see, e.g., Bjorken and Drell.) A partial resolution of the difficulty is the Dirac
hole theory, in which all negative-energy states are filled. A vacancy (hole)
in the sea of negative energy states appears as a positive-energy antiparticle;
for electrons, the hole is a positron. However, we will not pursue this line of
thought, for a more thoroughgoing reconstruction of the theory is necessary.

A final note. Recall 45 = 7%y!72~3 discussed earlier. Note that we can write

1

52, 73] = 127, (1.191)

21 =093 =
S0

ivs21 = i0y v 3 iyeys = 70t (1.192)
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or generally,
Vv =i, (1.193)

Then the boost equation (1.180) becomes
1

o = T

We can take p to be the quantization direction for X:

Y .-p=|plo =VE?—-—m2o, (1.195)

where now o is the helicity. Further, from the Homework,

(E+m+iv3 - p)v,. (1.194)

V500, = VX . (1.196)
So then we can write
1
Upe = —— (\/E—i—mvg—l—\/E—mviU). (1.197)
V2m

Left- and right-handed spinors are obtained by projecting with %( 1Fivs):

1 .
UL R = 5(1 Fivs)u. (1.198)

Note that iy5; is a good quantum number, the chirality, if m = 0. Consider a
general Lorentz transformation,

1 1 1
upr — =(1Fiy) ([ 1+idw- =X —6v-—a | u
’ 2 2 2
. 1 1
= 1+15w-52:|:6V-52 UL, R, (1.199)

because o = iy53. This indeed is the correct transformation properties for the
(1/2,0) and (0, 1/2) representations, respectively. See (1.123), (1.124).

1.8 Irreducible Representations of the Lorentz
Group

Another way to describe Lorentz transformations is the following. Associated
with any four-vector z* is a 2 X 2 Hermitian matrix,

0 3,1 ;.2
x:(x tal mg)zxol—l—x-T, (1.200)

t+ix? 20—z

where 7 are the Pauli matrices. The scalar length of x* is given by the deter-
minant of this matrix:

atz, = —(2")? +x-x = —det z. (1.201)
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We can extract z* from the matrix x as follows:
1
ah = §Tr (xrt), T =(Q1,T1). (1.202)

If A is any matrix with determinant unity, det A = 1, we can construct a new
matrix & by the transformation

&= Az AT, (1.203)
which has the same determinant as x:
det & = det z, (1.204)

so the corresponding four-vector has the same length as that of z#: &#%, =
x*x,. That is, A corresponds to a restricted Lorentz transformation,

SO(3,1) = SL(2,C), (1.205)

the latter being the group of transformations induced by 2 complex matrices
with determinant 1, a “special linear” group.
The irreducible representations of the Lorentz group are given by, as a gen-
eralization of the above transformation of a vector,
gal...a]‘;[‘il,.ﬂk - Aa1p1 e “4‘3‘1'/71"‘4>'f T Agkdkgpln-l)j?&lm&k . (1206)

B161

This belongs to the representation (% 7, %k), which is characterized by j undotted
indices (which transform with A) and % dotted indices (which transform with
A"). For more details on this way of proceeding see Gel’fand, Minlos, and
Shapiro, Representations of the Rotation and Lorentz Groups, Pergamon Press,
1963.

Tensors are not, in general, irreducible representations. For example, con-
sider a general second rank tensor, A*”. It can be decomposed as follows:

AW = g A FHY + THY, (1.207)
where
T =T"*, T*#, =0, (symmetric and traceless) (1.208)
and
F# = —FYF  (antisymmetric). (1.209)
The count of independent components is consistent:
16=146+9=1+(3+3)+ (3 x3). (1.210)

The latter count refers to the spinorial representation:
11 © 11\ 1®11®1
272 2°2) \272'272
(1,1)® (1,0) @ (0,1) & (0,0), (1.211)

where the first term corresponds to T#”, the second and third to F*”, and the
last to A.



