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January, 2006 Eléctromagnetic

Electricity & Magnetism Qualifier

Pltragacbppiebianigate what system of units you are using.

1. The diagram shows an end view of an infinitely long current sheet of width w and negligible thickness.
A total current I travels in the +z direction (out of the paper for the figure on the left) and is distributed
uniformly over the width w, from z = —w/2 to = = +w/2.
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(a) [1 points] What is the direction of the magnetic field B at the point z = 29, y = 07
(b) [4 points] What is the magnitude of B at x = xg, y = 0?

(c) [4 points] Now consider a rectangular loop of wire (dimensions a x b) traveling to the right along
the z-axis as shown in the figure with velocity ¥. The loop of wire is in the z-z plane, which is
the same plane as the current sheet. Calculate the induced EMF on the rectangular loop (reading
on the voltmeter). Note that w/2 < x1 < z»

d) [1 point] Which terminal of the voltmeter (upper or lower) is positive?

2. A cylindrical capacitor is formed from two coaxial conductors of length L. The inner conductor has
an outer radius A while the outer cylinder is hollow and has inner radius B, which is slightly greater
than A. [Assume B — A < L so that end (fringe) effects can be neglected.]

(a) [3 points] Derive the capacitance Cy of the capacitor in terms A, B, and L.

A hollow cylinder of dielectric material with inner radius A and outer radius B and length X < L is now
inserted between the two conductors. It has dielectric constant K = €/¢q where € is the permittivity
of the material and ¢ is the permittivity of free space.

(b) [2 points] Calculate the new capacitance C' of the capacitor in terms of Cop, L, X, and K.

(c) [2 points] A battery with voltage Vj is connected across the capacitor and then disconnected
leaving the capacitor charged. Find ofree, the free surface charge density at r = A on the portion
of the inner conducting cylinder covered by the dielectric material. Find obound, The polarization
charge density (or bound charge density) on the inner surface of the dielectric ma;'te i f at r = A.

(d) [3 points] With the capacitor still charged (as in part d), find the force F requlred to pull the
dielectric cylinder from the capacitor when it is inserted a depth X between the two conductors
and comment on how this force varies with X.
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January, 2006 Electromagnetic

3. A very long channel (aligned with the z-axis) is made of four conducting plates insulated from each
other. The top and bottom plates are grounded while the two side plates are held at a potential Vy
(see figure). Find the electric potential, V(z,y), at any point inside the channel.
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(a) (2 points] Using Laplace’s equation and the method of separation of variables, find the differential
equations for X (z) and Y (y) assuming V(z,y) = X (z)Y (y).

(b) [2 points] Determine the general solutions of the differential equations in part (a).

(c) [3 points| Find the particular solutions in part (b) that satisfy the boundary conditions. Express
your answer as a Fourier series with arbitrary coefficients.

d) [3 points] Use Fourier’s method to evaluate the coefficients in part (c).

4. Electromagnetic plane waves
(a) [1 point] Write down real expressions for the E and B fields of a plane wave linearly polarized in
the %X direction. (Take Eg and By as the amplitudes.)

(b) [2 points] For the wave of part a, determine the instantaneous and time-averaged energy dens1ty,
and < u >. Also determine the instantaneous Poynting vector and its time average Sand < § >.

) [1 point] A circular loop of wire can be used to detect electromagnetic waves. Suppose a 100 MHz
FM station radiates 50 kW uniformly in all directions. What is the wavelength of the radiation.

(d) [6 points] What is the maximum rms voltage induced in a loop of radius 0.3 m at a distance of
/ 10° m from the station in part c.
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January, 2006 Electromagnetic

5. Consider light from a laser hitting a flat piece of glass as shown. The laser is linearly polarized with the
plane of polarization lying in the sc lane as shown. The angle of incidence is adjusted until
the reflection is zero (i.e., until §,=Brewst ngle.) In this problem you will find the displacement ¢
in terms of the thickness of the gl_a_@/l_)_and the index of refraction n. You may assume that the index

racvion 7
of refraction of air is 1 and that pair = pglass = uo /\

~———————

PSfrag replacements E}

(a) [4 points] In the absence of free charge, Maxwell’s equations in integral form are given by
i. §D-dA=0
i. §E-df=-4[B.dA
iii. §B-dA=0
iv. §H-dl =4 [D.dA
Each of these equations imposes a constraints on the variables 6;, 6,, E., E,, E!' and n. Derive the

constraints and spemﬁcgll/y_sﬁolv that Egs. (i) and (iv) lead to tm counstraint on the electric
field amplitudes. (¢ and p do not have to appear because p = . Recall ey =1 /v =n2?/c?)
(b) [2 points] Using the constraints derived above, in addition to Snell’s law, derive an expression for
Ej{ in terms of n, 6;, and Ep.
) [2 points] Use your answer to part b to obtain the value of 8; for which Ej goes to zero (i.e., find
Brewster’s angle.)
(d) [2 points] Derive an expression for § in terms of n and D at the Brewster angle?
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January, 2006 Electromagnetic

6. In the absence of polarizable and/or magnetizable material (i.e., only free charges and currents present)
Maxwell’s equations, in the Lorentz gauge, reduce to the inhomogeneous wave equation:

d p/€o cp )
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A time dependent charge Q(t) = Io t, with ¢ > 0 is fixed at the origin of a cylindrical coordinate
system (r, ¢, z). The charge increases with time, because of a constant current Iy flowing along a thin
wire attached to the charge from the left, see figure. Assume the wire carries no current for ¢t < 0,
however, at t = 0 a constant current Io abruptly flows in the +z direction and remains constant for
t > 0. Assume the wire remains neutral as the charge at the origin grows. Find the following quantities
at time t for points (r, ¢, z) where z < —4/(ct)? — 2 (this restriction on z and r simplifies the limits
of integration of the integral you must evaluate for the vector potential).

Hint: The retarded Green’s function for the [J operator is:

§(t—t —|r—1'|/c)

G (v, t;1',t) = .
(r,t;r',t) Py
(a) [2 points] The scalar potential ®.
(b) [3 points] The vector potential A.

) |

) |
(c) [2 points] The magnetic induction B.
(d) [3 points] The electric field strength E.

Winter Qualifier 2006-4






