Quantum Mechanics
Qualifying Exam — August 2006

Notes and Instructions:

There are 6 problems and 7 pages.

Be sure to write your alias at the top of every page.

Number each page with the problem number, and page number of your solution (e.g.
“Problem 3, p. 1/4” is the first page of a four page solution to problem 3).

You must show all your work.

Possibly useful formulas:

Pauli spin matrices:

0 1 0 —i 1 0
%={10) " {io0o) =T 0 -1

One-dimensional simple harmonic oscillator operators:

h hmw
X = Qmw(a+a)’ P = —iy 5 (a —a'), [a,a] 1,
aln) = +/njn—1), and a'ln) = Vn+1n+1).
The Hermite polynomials:
Ho(y) = 1, Hiy) = 2y, Ha(y) = 4" -2
2 an 2

— 1YY oY
Hy) = (-1 5 e

Spherical Harmonics:

Y90, 0) =/ £ Y52(0,¢) = / gy sin” 0 =2

Y0, 0) = :]Z,/é%sin@eﬂ“’ Y56, ) = :{:\/%757 sin @ cos 6 e

Y2(6, ) = 213)? cosf Y26, ) = —1—37 (3cos?f — 1)

Angular momentum raising and lowering operators:
L, = Ly%iL,
Li|¢,m) R+ 1) — m(m + 1)]"%16,m + 1)
L_|e,m) = hl({l+1)—m(m— D)Y21e,m — 1)

Gaussian Integral:

Iy(a) = /_oo e~ dr = (r/a)'/?, a>0






PROBLEM 1: Infinite Square Well

For a particle moving in an infinite square well of width 2a, the potential energy is

0 forl|z|<a, a>0,and
oo for|z| >a.

V(z) = {

Its wave function at time ¢t = 0 is
1
Y(z,0) = 7 [u1(z) + uz(z)]

where u;(z) and uy(x) are the normalized ground state and first excited state wave functions
respectively and they are orthogonal to each other.

(a) Determine the energy eigenvalues E; and F, then find the wave function ¥(z,t) as a
function of time. (2 points)

(b) Find the expectation value of its kinetic energy (T) with ¥ (z,t). (3 points)

(c) What is the expectation value of its total energy ((E))? Explain the relationship between
this result and what you found in Part (b). (2 points)

(d) Evaluate AX in this state with ¢ (z,t). (3 points)






PROBLEM 2: The Single-Step Potential

A one-dimensional beam of electrons with kinetic energy Fy > 0 and mass m travels in the
positive z—direction and is incident on a step-up potential from the left. The step potential

is
0 forx<0,

Vo forz>0

where V} is a positive constant. The beam may be scattered and/or reflected at the origin.

V() = o0(z) = {

(a) If Ey < Vo, sketch the wave function for positive and negative z. You may sketch either
the real part of the complex wave function or the probability, but you should label your
graph clearly. (1 points)

(b) Solve for the wave function for z < 0 and z > 0 when Ey < Vj. (2 points)

(c) Given that the flux of the incoming beam is @, for z < 0, solve for the flux past a point
zo where z > 0. Again, in this case Ey < V4. Do not simply state a result. (2 points)

(d) If Ey > Vj sketch the wave function for positive and negative z. You may sketch either
the real part of the complex wave function or the probability, but you should label your
graph clearly. (1 points)

(e) Solve for the wave function for z < 0 and = > 0 when Ey > Vp. (2 points)

(f) Given that the flux of the incoming beam is @, for < 0, solve for the flux past a point
zo where z > 0 for this case (Fy > V;). Do not simply state a result. (2 points)
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PROBLEM 3: Angular Momentum Operators

The eigenvector of L? and L, is usually expressed as |¢,£,) = |¢,m). This is the ¢, basis

with
1 0 0
L,=h| 00 0
0 0 -1

(a) Apply the raising and lowering operators and determine L, with

for ¢ = 1.

(Ly)mn =€ =1,0, =m|L,|¢ =10, =n)
in the form of a 3 x 3 matrix. (& points)
(b) Find the eigenvalues and normalized eigenvectors of L,. (3 points)

(c) If a particle is in the state with ¢, = —1, and L, is measured, what are the possible
outcomes and their probabilities? (8 points)

(d) Take the state in which ¢, = 1. In this state what is the uncertainty
ALy = ((Ly = (Ly))*)!/?? (1 points)






PROBLEM 4: Isotropic Harmonic Oscillator ? }6
The Hamiltonian of a one-dimensional harmonic oscillator is /
1 1

The harmonic oscillator wave function is often written as
_1g2
¢n(€) ZAan(§)€ 2¢ ) \n=031,2)“'
where A, = normalization constant, H,(¢) is a Hermite polynomial and

1/2

E=ax, with a= (Tﬂ> .
h

(a) What are the energy and the parity of the eigenstate associated with quantum number

n? (2 points)

Let us now consider a 3-dimensional isotropic harmonic oscillator with the following Hamil-
tonian

H = H,+H,+H,

1 1
— %(Pf + P2+ P2) + §mw2(X2 +Y24+ 2% .

The wave function is given by

\I/nz,ny,nz (.’L’, ya Z) = wnx (z)wn'y (y)wnz (Z) .

(b) Find the energy, parity, and degeneracy of the lowest three distinct groups of energy
levels. (8 points)

(c) What is the degeneracy of the energy levels with the same quantum number
n=mng +mn, +n,? (2 points)

(d) The 3-dimensional harmonic oscillator can also be solved in spherical coordinates. Apply
your knowledge of angular dependence for various states to find the angular momentum

quantum number (¢) for the lowest two energy levels studied in part (b). (3 points)
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PROBLEM 5: Variational Method \1 -0
/__—

A particle is subject to the linear potential V(z) = mgx but with an infinite potential
barrier at z = 0, namely

__ [mgz forz >0, and
V(z)_{oo forz <0.

Let us choose
Yo(z) =267, >0
as a trial wave function for the ground state.
(a) Find (Yalta). (2 points)
(b) Find the expectation value of the Hamiltonian (H). (4 points)

(c) Determine the best bound on the ground state energy of this system using the variational
method and the trial wave function given above. (4 points)
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PROBLEM 6: Perturbation Theory

The unperturbed interaction Hamiltonian of an electron with a magnetic dipole moment
iis in a strong magnetic field By = ByZ is

Hy= i, By
where
7, = _9/7;35:: _ggB&.
and
iy = eh
B= 5 -

If the electron is in the state with s, = /2, and we add a small magnetic field B, = B,z
with B; < By, then we can consider the Hamiltonian as

H - H0+H1
H, = %(MB)(El'E)

where H; is a perturbing potential and g = 2 for the electron.

(
(

a) Find the first order change in the energy. (2 point)

)

b) Find the second order change in the energy. (& point)

(c) Find the first order correction to the state vector. (2 point)
)

(d) Calculate the exact energies for H = Hy + H;. Expand the larger energy in powers
of By/By with B; < Bj. Show that the term proportional to B2 corresponds to the
answer derived in (b). (3 point)

N.B. You must solve parts (a) - (c) by applying perturbation theory.






