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Classical Mechanics

1. A block of mass m; sits atop a triangular wedge of mass mq, which is
itself on a frictionless plane, as shown. The two are initially at rest,
and the block is a height h above the surface of the plane, a horizontal
distance L from the bottom edge of the wedge. The wedge has an
opening angle , as shown.

(a)

_—
L

Assume that there is no friction between the block and the wedge. ‘

The block slides down the wedge. What are the velocities (mea-
sured with respect to the fixed inertial reference frame denoted by
the z and y axes shown) of the block and wedge just as the block
reaches the lower edge of the wedge? (3 points).

Now replace the block by a ball of radius R (and mass m;). The
ball rolls down the wedge without slipping. What are the velocities
of the ball and wedge just as the ball reaches the lower edge of the
wedge? (3 points).

Return to the block problem, but now assume that the coefficients
of static and kinetic friction between the block and the wedge are
¢ (they have the same value). What is gmin, the minimum value
of y for which the system is stable? (1 point).

If 4 < fmin, calculate the minimum horizontal force that can be
applied to the wedge such that the block will not accelerate down

the wedge. (3 points).

Note: you can neglect the finite size of the block in your calculation, and
you are asked for the velocities before the block or ball make contact

with the frictionless plane.

5-0%






¥ s-0¢
A

0y y |
% Swce Here s no frickion ?
betaeer M2 Aedge é‘ the horizonidl

sorface, wWhan #e blockK s placed
on the fawmp, Yhe, horizonal

Covmpov\gm+. of e noft waal
e

focce  frowm Yo, lock sl ~ -
pugh  the Wed 92 LAKAACD Since, WNQ&SQ’ MOVES

conrilute Yo both  xqy compont LALS of
akion of the blouk:

AT
Hag Dccier

— Tn X-Y ref frame,

awed%c — 3{_

.——‘
a ®_. o
X b

é( Colrcides

ro M@ Wedgl

ok 2t hedgut V}
n of tw

VAN~
‘Yu"u‘v‘\o c

> Ta ¥y ref frawe 2
of wass of He ol

st T contre
Thus, e accelerahno
J .
vo, ccelerdhion

o= KcosO | g due Yo \
g 0% g reday roud oo e
ox \// = X %in® Q\,‘ OQQOS\TQJ
n xf\/ Loams

Using, Newdons Znd am ow e olock s
Z’ o= W\\S'g/
. / ce

=, - W\\%s\we = WM, (3( + X Co&%)



/

X = —9gsnd — X Cose
SE, = MYy / o’/ -
F/ .
_wm geose = (K sine)
/ .
Now ’ .
’ T:r\\’,(; Fuoin®
For 4 Wedge Useg Nowtons  Zud R X -
Z F)( = le?i
' _wm X
o wm (awse-X b)) S1ud = Wi
- 9 M A SN OCOSC
= X = 3 .
\/\/\?_-*W\\SMQ
s, 5
4 s n & CoSO
'z _9sine — MQS I EEEE
\/\/\,L-\—\A/\\S}v\ &

w4 SO WS’

= _ M, Q9NE W\\QSS\V\?’@ - s

-V
.
\M,L'\"\M‘D\Vl )

(mgwz) J9n 6

Myt M 5O

—
—

o et

Y fpuwe



bock X+ X Cos ©

©
[

M @Sinocose | (mtwt) 991100
S
WipaW, 50’8 Mgt Wy $17479

_ W, 35meCos9
Wi A W\\ng{”e

7 \
v 4 \/7/
5\!/\ 9
Gy, G50 23
[ W ! T
_ w4 om 6+ 72 T

_odmy e A () g0

.
MQ_-\-V\A‘&W@



2

|

— A o I
T U s N A MMM g g L

t

Umg. T Siv\%@



R) Oy = X cose !
> A <
Gy = X sine ~ 7%
Y ~ tn ‘
/ |
, Pl
—- & V (X ] oo ;6
355 Jong = VVllx -+ M\X Cose T S
X L
/ ~ .
Bi-m4c0se = - m X sing
"’
Toer = O x b +0xFy +‘M<%& A = XK
T o V\ _ o /
LV\QA— %5 = ITL = XK "
2 2
=R
= % 2 e /
_7 S = ?W\K 7(
N\
\\ Ny /__\_ WA }{_ oSS
> Zpn X w2 =W X \

./ ; IS %ws@)
= m X = (B-) wm QS n®
&
o 7 A S \ne v LCose
C ASwe T AT
K =
k (¥1)

= W\(%LOS &~ X_ QW %}Sihe‘: MK

s X



)

M

|

Mo, WSHB Girvd

et T ——E———

- e Bt ST

My wisin’e



¢) ZE, =0 Fn

<"’""¥o
=  N-woeosd=0
Tho ¢ »
’ }AS W‘gC,OS@" W\ﬂsme - O
— +
= (\JJ(S}M.M - Tano
For nedoe has Yo
d) F oo ¥ L Wi cont e Fove, et NEAE TR
ol T o X, ,anb ’%
for block (I xv7/) | B = n 5

A SIAD — MSS‘\/\@
- mocosd S

= wmgswo (cr©- 3







g e 2ccderation of o nedqe s fo
) o nedye compamsate, for e 2accelexahion QQ\@\W:;
. .- m!
blocks , so T wner accaleration X \W’\% RO

Fsmo—F-f =m, X = %= Fome-f - my X

For black (1n XiY’) N QW\QU

— W\ﬁ -5(;/19 + QS = WHX COSS = ?5 = VM\ % StNe JV{M\}-IC (oD

P - w9 casd :—-W\‘X e

:Z7FN - VV\‘%Q)SG— V!/\\gc SWME

bU+ ‘(:5 = /IJ1 N

) - 'I'CS}V\G
. Y — AmQCose -
5 WM Gone T LSO o !

= W‘(?'é—' (coso +,As‘n/\6j = M9 (IAcose—S\V\é)

= _ 3(Mwose-506)
(wse+/As}me)

UA 50 +cose>



o = (sime-p) M9 0SS -\-MW LN (sime 0%

( /A Sn e +0336) ( V&imeJc Cos)e)



5-068

2. Consider a point particle of mass m constrained to move on a parabola
in the x-z plane, i.e.,
& 2
z = —x°.
2
Assume the constraint force is frictionless and gravity acts vertically

(F, = —myg).

(a) Use Lagrangian mechanics to write a second order differential
equation for z(1). (2 points)

(b) Find a first integral of this equation (any way you can) and eval-
uate the constant of integration using the maximum value z,,,,
reached by z. (4 points)

(c) Assume that the particle is pulled a short distance from the origin
‘and allowed to oscillate. Calculate the period in the limit of small
oscillations, € = a®max << 1. (4 points)






A L=l mx oL o
) L mx L wmE —myz

o) i:cz_’a._.gx_ig@f__;wg
3t ax 4t RA

VRNV \ SN S
A% d X

%d\ﬁ:O

C g () = -

K aAXx

_ X 4Y = =l or
-_7 OZV‘VJ‘,sgL \-\'&,ﬁ%




00 = KV%PL‘*S"( Loy = VeXX
! 2
f/céq TR S = 2o %
/
S _{_99—— C&Y\ = \V\ (:(X\} 1+ Coust
£x)
* . .
SR 2\ o
= K%vvl@%) + const = - b (LR
> | A
= (%« o) (\Awﬁ’xy) - L =
o MY k= Yeer X =0
VI N A
=7 A ln 9 (W o> ﬁma){)]

7) ~ coOWst



<)

or

2
K = oL Q £ - 4)
o+ 9%
i
Vo
D( P
X (t\) = L 9 <{* X XmaX> _ %%
A PN
‘E /) _
’/I: X =Xo =X ':7'7:\:‘»;4
f‘.% v 327 oL =
Lt (1 k7)) — L mgAn T

= 5 " " 2

CF = WA U*O(H)(;MNB
1
N A

Vege = 7" i

g (e - L et g o)
7 Wk L o L= \

d N-o ' M=o












3. Angular momentum and the Rungé-Lenz vector: Given a point

particle of mass m, trajectory 7(/), and momentum (1), we can define

the angular momentum
L

T Xp
and the Rungé-lLenz vector
o laoe
A= —pxL—r
m

We consider the explicit case of a 1/r potential, so that

2
g1
2m 7

(a) Prove that the Poisson bracket of H and I, is zero, that is:
{H.L} =0

(3 points).
(b) Prove that the Poisson bracket of H and A is zero, that is:

{1, 4} _ 0.

(3 points)
(c) What do your results in parts (a) and (b) imply about the behavior

of Aand L? (1 point)
v \ 5 /

(d) Evaluate 7 - A = rAcosf, using the explicit form for A above.
Use this to calculate the orbital motion of the particle (that is,
a relationship between r and f as the particle moves about its
orbit). (3 points)
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Statistical Mechanics

4. Heat Engines: A pulse jet operates under a Lenoir cycle. This con-

sists of an adiabat, an isobar, and an isochore, as shown.

:*A

isentropic expansion

pressure

constant volume heat addition

C

constant pressure heat rejection

volume

B
-

Assuming that the working fluid is an ideal 3D monoatomic gas of N
particles:

(a) Find the work done in one complete cycle. (3 points)
(b) Find the heat exchanged in each step in the cycle. (3 points)

pressures and volutmes. (3 points)

(d) To produce work, should the engine cycle operate clockwise (A —
B — C — A) or counterclockwise (A — C'— B — A) ? (1 point)
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5. Consider a classical ideal gas in 3D that feels a linear gravitational
potential,
V(z) = mgz
where m is the mass of a single gas atom and 0 < z < oc. This is

not an interaction between gas atoms, it is simply their gravitational
potential energy near the surface of the Earth.

The gas is in a box of dimensions L,, L,, and L., so that:

0< 2 <L,
0< 2z <L,
0< y <L,

(a) Calculate the partition function in the canonical ensemble. (3
points)

(b) Determine the internal energy of the gas. (3 points)
(c) Calculate the specific heat ¢,. (3 points)

(d) Explain the behavior of the specific heat when 8mglL, >> 1 and
when fmgl, << 1. (The approximation for the gravitational
potential may or may not be valid for large L,. Don’t worry
about that.) (1 point)
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6. Boson Magnetism Consider a gas of non-interacting spin-1 bosons
in 3D, each subject to the Hamiltonian

2
Hs) = f— posB

272
where s takes on one of three possible states, s € (—1,0,+1), and
k = p/h. In this Hamiltonian B is the z-component of the magnetic
field, m is the mass of a particle, and pg is the Bohr magneton. (We
will ignore the orbital effect (or Lorentz force) where the momentum g’
would have been replaced, 7 — p+ €A/c).

(a) In a grand canonical ensemble of chemical potential u (which is
not to be confused with the Bohr magneton, ug, above) and tem-

perature 7', write down n4(k), the average occupation number of
the state with wave vector k£ and spin s. (1 point).

(b) Show that the total number of particles in a given spin state s is

given by
V
/Vs = )\3 4 gB/Q(ZeﬁHOSB)
where z is the fugacity, z = eP#, X is the thermal de Broglie
wavelength,
) = h

V2rmkgT

and gp(z) is defined on the formula section on page 2 above. (4
points)

(c) The magnetization for fixed p and T is given by
M(T, 1) = po(Nizy — Ni-y)
Show that the zero field susceptibility, y, is given by:

23 V
= <3 9172(2)-
B=0 kB /\3

_om
YT OB

(5 points).
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