Mechanics and Statistical Mechanics Qualifying Exam
Fall 2006






Problem 1: (10 Points)

Two blocks are free to move in one dimension along a frictionless
horizontal surface. The blocks of mass 2M and M are connected to
each other and to a fixed wall by two springs with stiffness 2k and
k as shown in the figure. Choose the dynamical coordinates of the
system to be the position of block 1, x;, and block 2, x,, from their
respective equilibrium positions. Consider only small oscillations so
that the springs are linear. Neglect all damping.

2k P k 2,

a. Write down the equations of motion for each mass. (2 Points)

b. What are the normal mode oscillations that you expect to see?
Just give the number of normal modes and the relative directions of
the oscillations of the two masses for each normal mode. (2 Points)

c. Find the normal mode frequencies and eigenvectors that describe
the normal modes. (4 Points)

d. Suppose you grab mass M and pull it slowly to the right by an
amount Ag. When mass 2M is stationary show that it is Ag/4 from
its equilibrium position. (1 Points)

e. If you release the system from the starting position in d., what will
be the displacement of the system as a function of time? Write your
answer in terms of the normal modes. (1 Points)
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Problem 2 (10 Points):

Imagine a modification to Newton’s universal law of gravitation such
that there is an additional attractive term that varies inversely as the
cube of the separation between two masses.

koA N

F= (—ﬁ-ﬁ)f‘, P
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where k and X are constants. Take the reduced mass as u.
a. Find the potential energy assuming U(r)—0 as r— co. (1 Points)

b. Show that the angular momentum L of one mass about the other
is conserved. (1 Points)

c. Sketch a graph of the effective potential energy as a function of r.
(1 Points)

d. For a given value of the angular momentum, what is the radius of
a circular orbit? Assume that L2/2u > \. (2 Points)
ircular or

e. Under what conditions is the circular orbit in d. stable? (2 Points)

f. What is the frequency of radial oscillations about the circular orbit
you found in d. if the system is slightly perturbed? (2 Points)

g. If X can take any value, what condition in terms of the constants
that are given and the reduced mass assures that there will be no
stable circular orbits? (1 Points)
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Problem 3 (10 Points):

Two beads of mass m are connected to each other with a massless
spring with spring constant k. The beads are free to move on a circular
wire of radius R. The unstretched length of the spring is R ¢y. Use
the generalized coordinates ¢ =angular orientation of the midpoint
between the two masses (the center of the spring) and ¢é=angular
distance between the two masses to answer the following questions.
Neglect gravity. The restoring force of the spring is proportional to

é.

/¥
¢/

a. Find the kinetic energy of the system. (1 Points)
b. Write down the potential energy of the system. (1 Points)
c. Find the Lagrangian of the system. (2 Points)

d. Solve for 6(t) and ¢(t). (4 Points)

e. Is H=T+U? Why? You must explain your answer in words to
receive any credit. (2 Points)
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Problem 4 (10 Points):

This problem involves the mean field Ising model. Consider a solid
containing N electrons localized at lattice sites, Each electron has a
magnetic momenit p. In a magnetic ield H each electron can exist in
one of two states, with energies +u H.

a. Show that for non-interacting electrons the total magnetic moment
is given by M:Nptanh(%). (2 Points)

b. In order to add interactions between the electrons, assume that
each electron sees an effective magnetic field equal to the applied field
plus a local field arising from its neighbors. In this case, Heyy =H +5 M,
where « is a positive constant. Write down a self consistency equation

that determines M. (2 Points) v
' —‘mav\cwc\w*a\ 22N

c. Show that there is a spontaneous magnetization (e.g. when H=0)
below some critical temperature, T, and determine its value.
(3 Points)

d. Show that the magnetic susceptibility x, diverges at T—T. from
the high T side. (Hint: be careful because you will have to take a
derivative of a transcendental equation.) (3 Points)
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Problem 5 (10 Points):

The distribution function for an ideal Bose gas is given by,
(7.5) = g [elW/T 1]

a. Define all the quantities found in f(Z,5). (1 Points)
b. What is the value of g for photons? (1 Points)

c¢. What is the meaning of the distribution function? Sketch the
distribution as a function of energy. Make sure to label your sketch
with the parameters. (1 Points)

d. For photons to be in thermal equilibrium there must be at least a
small amount of matter present, since the interaction between photons
is negligible. What processes bring the photons into equilibrium with
the matter? (1 Points)

e. Use the information in part d. and the definition of chemical
potential, u=08F/0N|ry to explain why the chemical potential of
photons must be zero. (2 Points)

f. Find the mean energy density of a photon gas in thermal equilib-
rium at temperature T. (4 Points)






Problem 6 (10 Points):

The partition function for an ideal gas of molecules in a volume V
b itt
can be written as, Z= 1(VON,

where V ( is the partition function for a single molecule (involving its
kinetic energy plus internal energy if it is not monotonic) and ¢ is a
function that depends only on the absolute temperature. —
When these molecules are condensed to form a liquid, the crudest
approximation consists of treating the liquid as if the molecules still
formed a gas of molecules moving independently provided that,

1. each molecule is assumed to have a constant potential energy -n

due to 1ts average interaction with the rest of the molecules.
T —_

2. each molecule is assumed to move throughout a volume N vy,
where 1 is the constant volume available per molecule in the
liquid phase.

a. With these assumptions and the equation given in the above
text, write down the partition function for a liquid consisting of Ny,
molecules. (2 Points)

b. Using the equation in the above text, write down the chemical
potential ug for Ng molecules of the vapor in a volume Vg at tem-
perature T. Treat the system as an ideal gas. (1 Points)

c. Write down the chemical potential y; for N; of the molecules of the
liquid at the temperature T using the result from (a.). (1 Points)

d. Using your results in b and c, find an expression relating the vapor
pressure to the temperature T where the gas is in equilibrium with
the liquid. (2 Points)

e. Use the Clausius-Clayperon equation and the fact that the gas can
be considered ideal to show that P =Pye %/BT where L in the latent
heat of vaporization per mole. (2 Points)

f. Calculate the molar entropy difference between the gas and liquid
in equilibrium at the same temperature and pressure. (2 Points)
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