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Statistical Mechanics

4. The grand free energy or grand potential, =, can be obtained from
the Helmholtz, F'(T', V, N) free energy or the internal energy U(S, V, V)

via:

==F-uN=U-TS5—uN

(a) What are the normal or proper variables for 7 (When = is written
in terms of its normal or proper variables, it constitutes a com-
plete thermodynamic description, without loss of information). (1
point)

(b) Derive expressions for the conjugate variables in this description.
(1 point)

(¢) What are the Maxwell relations governing derivatives of E (2
points)

(d) Consider a small system connected to a large thermodynamic
reservolr. State under what conditions (e.g. specily what quanti-
ties are exchanged between the system and reservoir) = is mini-
mized in equilibrium. Prove that this is the case by showing that

ey =% '}k\‘g = is minimized when the system is in equilibrium. (3 points)
WL A= j [ (e) Given the Helmholtz free energy for an ideal gas:
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=_)(7(+ \c’\\\\N*%\—\i‘\h ('\T-FBI:) where ® 1s an unspecified  fixed constant, calculate the grand
N free energy for an ideal gas. (3 points)
= =\
KTin (\(Tg/\) »N=

]
= AT+ Nin (f%;s,,)

Tsxz Mher

Vosiok\es. |
o VT, G i e pwopa” . o M (-

SR

e

B A% =-PN - SAT - NOk  so P=
o Tola dowkle pouiols & Huidn laas: (\no\(&bﬂ% apprnpiol tufh contt)

— e
3 N =09
s 9 93 g\‘ oxlaT}Q ara\l}&

oWy infor N QRN a\l c)\' o7 O\ 6 ovVONS’
on B Sinpes -0% _ g9 oy 39 -9 e
eyt T N T 5% N 7 g N g

= ) JRZPAN-SaT- N} so for s\tmmo&‘w JasRuTB + Senall Sugrm:
(B +9$\- -(P-PN - (5 ST - (N N Minsses oo MN=-dV; e

T/-\ et -
To 2quiky =T, Jophe, Bz, So st A ok Q%t»i\.



F-09

Statistical Mechanics 0192 braswod

4. Tt can be shown that the Helmholtz free energy for a photon gas is
given by:

. 1
F(T,V,N) = — §0VT4

where o is the Stefan-Boltzmann constant. Using this relation, answer
the following:

(a) What are the equations of state (that is, P, .S, and p as functions
of T, V and N)? (3pts.)

(b) Consider a Carnot cycle using a photon gas as its working fluid.
The cycle is driven by one hot and one cold temperature reservoir,
with temperatures Ty and T, respectively. Draw the cycle in the
P-V plane. Caution: This is not an ideal gas! Think carefully
about the steps in a Carnot cycle and use your results from above
to determine what the cycle will look like. (2pts.)

(c) Solve for the heat exchanged in each leg of your Carnot cycle.
Your answer may depend upon Tj, T, and any other variables
you might choose in defining your cycle. (2pts.)

(d) Using these values for the heat exchanged, calculate the efficiency
of a Carnot cycle that uses a photon gas as its working fluid. If
you cannot calculate it, devise a careful argument for its value.

(3pts.)
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4. Helmholtz Free Energy: The Helmholtz free energy of an ideal

monoatomic gas can be written as
y r kasune wbhole sﬁw 4
F(T,V,N)= NkT { A —log [T3/2—]\7]} 1§ ok Ooneg T theudnle i
l - Mossy
where N is the total number of gas atoms, V' is the volume, T' is tem-
perature, k is Boltzmann’s constant and A is a dimensionless constant.

Consider a piston separating a system into two parts, with equal num-
bers of particles on the left and the right hand side. The whole system
is in good thermal contact with a reservoir at constant temperature 7.
Initially, Vi = 2V,. The total volume, Vioc = V| + V4, is fixed for this
whole problem.

Thermally conducting piston

Heat Reservoir

(a) Calculate the equilibrium position of the piston, once it is released.
You must prove your answer, and not simply assert it. (3 points)

o) P, =0, ot m@.\k\.{‘ T=Tqa

P=_\f%% so P=-N&E (b) Calculate the maximum available work the system can perform as
ok N it changes from the initial condition to the equilibrium position.
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—= 412", (c) Calculate the change in the internal energy, U of gas 1 and gas 2

NN “"”\f)&\ in the process. (2 points)
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