5. Consider a solid consisting of a lattice of IV atoms. If an atom is
knocked slightly out of its proper position in the lattice, this is called a
point defect. Assume that the energy of a point defect is ¢, and that if
there is no defect, the energy at that site is zero. Assume further that
the defects are distinguishable, and do not interact with each other.
a) S=tin L1 N
0) = i = \ \ o m-ﬂ\\ (a) Determine the number of ways to place n point defects within the
N lattice sites. From this show that the entropy associated with

S-= k\n:‘ s \4"\“\\1\ -\as-Wn(N-a\ | their configuration is approximately

S’ﬁ(\'\N&% QLMK \“\(\_NN\(\\\& -N S(N, ) ~k[NInN —nlnn — (N —n)ln(N — n)

Q= \r—‘\\\\(\N \\x n\m\*{\ (N- (\\\“N,“\ (3 points).

N M M} (b) Derive a (simple) expression for the internal energy, U, of the
system as a function of n. From this result, write the entropy
above, S(N,n) as function of U and N, obtaining S(U, V). (2
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(c¢) Using the expression for S(U,N) above, calculate the chemical
potential for changes in V. (3 points).
(d) In thermal equilibrium we know
L) E=he ina ooy detedh ¢y
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N= E/e : ou
) c _E _E Use the approximate results above to calculate this temperature
S'\“N\““' g\“%' (N e\\““‘ e\ as a function of I/ and N. From this result to find the number of
defects, n(N,T). (2 points).
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Problem 5 (10 Points):

A system consists of N identical non-interacting particles in equilib-
rium with a heat bath. The total number of individual states available
to each particle is 2N. Of these states, N are degenerate with energy
0 and N are degenerate with energy ¢. It is found by observation that
the total energy of the system is Ne /3.

a. What is the average number of particles in the excited state?
(1.5 Points)

Find the temperature of the system under the following three dif-

ferent assumptions.
Fheak by s olowd Yo ke
b. The particles are bosons. (2 Points) W &%( Y ’g‘em“\

c. The particles are fermions. (2 Points) {\8% of QM‘\'\(M%*
d. The particles obey a Boltzmann distribution. (2 Points)

e. Are the temperatures you found in (b.), (c.) and (d.) the same?
Why or why not? Explain your answer. (2.5 Points)
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5. A particular solid is made up of N distinguishable spin 1 atoms each
on a fixed position in a lattice. The energy of each atom is given by:

['-ND
E(0;) = —Voo! — pooi B d(%\=®ﬁ€;
where V; arises from an internal field in the crystal, B is the applied
external magnetic field and po is the Bohr magneton. The z-component
of the spin of an atom can take on values o; € {0,+1}
(a) Calculate the free energy, F(T, B, N). (2 pts.)
(b) Calculate the specific heat. (4 pts.)
(c) Calculate the magnetic susceptibility, x(T, B, N) when B = 0. (4
pts.)
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5. By shining an intense laser beam on a semiconductor, one can create
a metastable collection of electrons (charge —e and effective mass m.)
and holes (charge +e and effective mass my). These oppositely charged
particles may pair up to form an ezciton, or they may dissociate into
a plasma. This problem considers a simple model of this process. In
this problem the densities of electrons and holes are so low that you
can ignore their fermionic nature and treat them as classical particles 2 O e q;\m\ undition

in three dimensions. 0. plugywe '\ \m\.ms

(a) Calculate the free energy I'(T,V,N) of a gas of N, electrons XA A o 2o
—-\nK‘l— AN R
and N, holes at temperature T', treating them as classical, non- $ N

interacting, ideal gas particles in a 3D} volume V. (2 pts.)

C . , . . [2vhm B
(b) By pairing into an exciton, each electron-hole pair lowers its energy ' \ e :\\ -~ X
by AE. Calculate the free energy of a gas of N, excitons, treating PARULUN IR
them as classical, non-interacting, ideal gas particles. (2 pts.) —_—

Yor high energies:
(c) Calculate the chemical potentials pe, i, and i, of the electrons, L oW
holes, and exciton pairs respectively. What is the condition of W 65

equilibrium between excitons and eletrons and holes? (3 pts.) o&ag\bri)_};ﬁof T>d
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5. Consider a classical ideal gas in 3D that feels a linear gravitational
potential,

V(z) = mgz

where m is the mass of a single gas atom and 0 < z < oc. This is
not an interaction hetween gas atoms, it is simply their gravitational
potential energy near the surface of the Earth.

The gas is in a box of dimensions L, Ly, and L,, so that:

0< 2z <L,
0< z <L
0< vy <Ly

(a) Calculate the partition function in the canonical ensemble. (3
points)

(b) Determine the internal energy of the gas. (3 points)

(c) Calculate the specific heat ¢,. (3 points)

(d) Explain the behavior of the specific heat when fmgL, >> 1 and
when Bmgl, << 1. (The approximation for the gravitational
potential may or may not be valid for large L,. Don’t worry
about that.) (1 point)
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Statistical Mechanics

Consider a certain hard sphere model of a gas of N particles in which
we have an “excluded volume term.” The entropy in this case can be
given as:

U
egNV?
Here b represents the volume of one gas particle, V is the volume of
the container, U/ is the internal energy of the gas, and k is Boltzmann’s
constant. The constant ¢y has dimensions of energy x volume. and is
included to keep the argument of the logarithm dimensionless.

S(U,V,N)= Nkln |(V — Nb)

(a) Does this system satisfy the third law of thermodynamics (i.e.
does the entropy of the system go to zero as the temperature goes
to zero)? Prove your answer. (3 points)

(b) What is the specific heat at constant volume for this gas? (2
points)

(c) A gas with Ny particles with total energy U; in a volume V; has
an excluded volume/particle of by. 1t is separated by a moveable,
insulating piston from a second gas of N, particles with total en-
ergy U; in a volume V; and an excluded volume/particle of bs.
The piston is allowed to move so that Vi, = Vi + V3 is a constant,
but V; and V4 can change. What is the value of V; in equilibrium?
(5 points)

Insulating piston
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5. A crystalline solid contains N similar, immobile, statistically indepen-
dent defects. Fach defect has 5 possible states s;,sg,...85. The ener-
gies of the states are given by Fy = Ey =0, and F3 = Iy = Es = A,

(a) Find the partition function for the defects as a function of their
number, and the temperature 7. (3 points)

(b) Find the defect contribution to the entropy of the crystal as a
function of A and the temperature T. (4 points)

(c) Without doing a detailed calculation state the contribution to the
internal energy due to the defects in the limit kT >> A . Explain
your reasoning. (3 points)
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Statistical Mechanics

4. A certain system can be modelled as an ideal gas of point particles, but
the point particles have two internal states, with energies 0 and A.

(a) Show that in the canonical ensemble the partition function
Z(T,V,N) for the gas can be written as

v (vre)”

Z(T,V,N) = Z (1 + e-A/kT) i

where 7Zg is a multiplicative constant that has no effect on the
equation of state. (2 points)

(b) Calculate the specific heat at constant volume for the gas. (2 poinks)

(¢c) Assume further that we have two such gases, A and B, and
that each has an internal state, but that A4 # Ap. Determine
Z(T,V,Na, Ng), where N, and Np are the number of gas atoms

of type A and B, respectively. (1 point)

(d) Finally, if gas particles of type A can convert into type B and vice
versa, calculate N4/Ny in equilibrium, where Ny = Ny + Np.

(5 point)
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5. A gas of N distinguishable classical non-interacting atoms is held in
a neutral atom trap by a potential of the form V(#) = ar where r =
vz? + y? + 22. The gas is in thermal equilibrium at a temperature 7".

(a) Find the single particle partition function Z; for a trapped atom.
Express your answer in the form Z; = AT?a~". Find the prefactor
A and the exponents a and 7. (3 points)

(b) Find the entropy of the gas in terms of N, k, and Z;(T’a). Do
not leave any derivatives in your answer. (4 points)

(c) The gas can be cooled if the potential is lowered reversibly (by
decreasing a) while no heat is allowed to be exchanged with the
surroundings, d@) = 0. Under these conditions, find T as a func-
tion of @ and the initial values Ty and ao. (4 points)
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Problem 6 (10 Points):

‘?) h\Wm\z\\s ‘\mm\& oo

The partition function for an ideal gas of molecules in a volume V QOSAA o s
can be written as
’ Z= +(V )V, & _ Ser N ;
N ) T G o 0&%@»\

\j(;\jg

where V ¢ is the partition function for a single molecule (involving its
kinetic energy plus internal energy if it is not monotonic) and ¢ is a
function that depends only on the absolute temperature. foda Of x—m«\ posk &,
When these molecules are condensed to form a liquid, the crudest o
approximation consists of treating the liquid as if the molecules still ~gwom VG“’W’N\ an

. ,,\g 3 formed a gas of molecules moving independently provided that, quul.\ condo o
27 € & 1. each molecule is assumed to have a constant potential energy -5 i pork o &
. due to its average interaction with the rest of the molecules. ?__ﬁ
%= l‘(‘\lyﬁb 2. each molecule is assumed to move throughout a volume Ny, Cf
/ , Nﬁ' where 1 is the constant volume available per molecule in the o
A o _&gz*m liquid phase. c;%;
)
CQZ,,L Fd b I Z= g(;ése' a. With these assumptions and the equation given in the above Co'
N& N, text, write down the partition function for a liquid consisting of N g
% l (“ N eﬁ'ﬂm?/z molecules. (2 Points) c
= \ 3 O I d'
N AP (z“'ﬂ ] b Using the equation in the above text, write down the chemical +
N potential pe for Ng molecules of the vapor in a volume Vg at tem- = g;
1 tn . .
) Ut Z(’: NQ‘(\IG‘C} perature T. Treat the system as an ideal gas. (1 Points) “g :25\ S
. . [
¢. Write down the chemical potential u, for N; of the molecules of the £ ¢
X A -1 —
¥‘ ’KT\nzG' liquid at the temperature T using the result from (a.). (1 Points) § o
>~
}%f Q—F zkTin (—‘\—lﬁ) d. Using your results in b and c, find an expression relating the vapor é’ c‘s
dNG. [ pressure to the temperature T where the gas is in equilibrium with 3
the liquid. (2 Points) g’ " 5
= - a/\n ' b &3
¢) P\ﬂ aﬂgzﬁ e. Use the Clausius-Clayperon equation and the fact that the gas can g (ﬁ 2

be considered ideal to show that P =Pye~L/ET where L in the latent
heat of vaporization per mole. (2 Points)
-1 cc}),N [N In (NEDOQ
)

NI * N 1 f. Calculate the molar entropy difference between the gas and liquid
in equilibrium at the same temperature and pressure. (2 Points)
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